[1] In this paper we present a data-derived model of relativistic electron flux at geosynchronous orbit. The model is driven by multiple solar wind and magnetospheric inputs and combines the deterministic approach of nonlinear dynamics with conditional probability consideration. The model is used for one-day predictions of daily flux maxima for the years 1995 -2000. The deterministic part of the model yields average prediction efficiency of 0.77 and linear correlation coefficient of 0.89. It identifies solar wind velocity and SymH index as most relevant input parameters. The probabilistic part of the model quantifies the risks of deviations from deterministic predictions as a function of average solar wind and magnetosphere conditions.
Introduction
[2] Relativistic electrons in Earth's inner magnetosphere are of great importance from both scientific and practical standpoints. Relativistic electron flux in the outer radiation belt (L > 3.5) exhibits highly dynamic behavior, spanning many orders of magnitude over the timescales varying from minutes to days. Understanding the mechanisms of electron transport and acceleration that lead to the buildup and decay of the electron flux in radiation belts constitutes one of the fundamental unresolved problems in contemporary space physics. Moreover, high relativistic electron fluxes can produce the substantial damage to satellites [Baker et al., 1987] and can be hazardous to humans in Earth's orbit.
[3] Due to the complex character of electron dynamics and their dependence on a large number of processes extending from the solar wind into the inner magnetosphere, developing a physical model of radiation belts has been a challenge. On the other hand, the increasing density of in situ observation of relativistic electrons in the inner magnetosphere together with continuous solar wind monitoring facilitate the development of empirical and semi-empirical approaches [e.g., Weigel et al., 2003; Li et al., 2001] .
[4] The examination of relativistic (>2 MeV) electron flux observed by GMS satellites at geosynchronous orbit based on the moving average (MA) linear filters driven with K p index [Nagai, 1988] showed that the highest variability of the flux is observed during geomagnetic storms. The flux usually diminishes during the main phase of the storm and then rapidly increases during recovery phase to levels sometimes well exceeding the pre-storm values. Later Baker et al. [1990] compared the predictability of MA linear filters driven with K p and AE indices as well as with solar wind velocity v. The prediction error was quantified by prediction efficiency: PE = 1 À MSE VAR , where VAR is the variance of the observed time series and MSE is the mean squared error. It was found that for the daily averaged flux the prediction efficiency of K p driven filters (0.52) is the same as the prediction efficiency of v driven filters while AE driven filters have lower efficiency of 0.45. Similar results were obtained by Vassiliadis et al. [2002] , who reported that about 50% of the daily averaged electron flux observed by SAMPEX satellite between L = 3 and 6.5 can be attributed to the solar wind velocity variations. Weigel et al. [2003] suggested a forecasting model of large-amplitude electron fluxes based on precursor analysis of solar wind velocity. The model was based on the observation that large relativistic electron fluxes are often preceded with a threshold crossing in the daily averaged solar wind velocity. The ratio of correct to false alarms obtained with this model was as high as 18 to 4 for a threshold corresponding to the amplitude of the fluxes at L = 4.4. Li et al. [2001] developed a semi-empirical model of the daily averaged values of relativistic electron flux at geosynchronous orbit based on the standard radial diffusion equation with diffusion coefficient derived from solar wind velocity, dynamic pressure, interplanetary magnetic field and Dst index measurements. For one-day predictions the model gave an average prediction efficiency of 0.59 and linear correlation of 0.80.
[5] Here we present a new approach to data-derived forecasting of relativistic electron intensity at geosynchronous orbit. The model combines the deterministic methods of nonlinear dynamics with conditional probability consideration of statistical physics. Such an approach was earlier developed for non-autonomous dynamical systems which exhibit both globally coherent and multi-scale behavior [Ukhorskiy et al., 2003 ] and successfully applied to forecast the magnetospheric substorms as measured by AL index [Ukhorskiy et al., 2004] . In comparison with previous modeling efforts of the electron flux at geosynchronous orbit, this approach gives an increase in average prediction efficiency of about 0.3. It also yields the probability density function of the flux, which is then used to rank the probabilities of the discrepancy between the observed and predicted values of the flux.
Model
[6] The parameters of the model were derived from the correlated database of solar wind parameters, geomagnetic indices, and relativistic electron measurements at geosynchronous orbit for 1995 through 2000. To quantify the relativistic electron intensity we used the time series of the omnidirectional flux (J e ) of >2 MeV electrons from GOES 7 and 8 satellites for years 1995 and 1996 -2000, respectively. The electron flux at geosynchronous orbit exhibits characteristic diurnal variations as a result of the compression of the dayside magnetic field, fluxes are higher at magnetic noon and lower near midnight. To separate temporal variations of the flux from spatial variations due to the magnetic field asymmetry, most of the forecasting models work with daily averaged values. However, the diurnal variations of the flux may span several orders of magnitude. Thus, even if a model accurately predicts the daily average, it may significantly underestimate its maximum value, and it is the maximum which is most significant from a space weather perspective. We therefore used the logarithm of the flux daily maxima rather than daily averages as the output of the model, i.e., O t = log(J e max ).
[7] While a general correlation between the growth of relativistic electron flux at geosynchronous orbit and geomagnetic activity is well established, various studies [e.g., Reeves et al., 2003] have shown a wide variability of the observed response and time delay between the storm main phase and the peak in the electron flux intensity. This has complicated the identification of the control parameters that define the dynamics of the flux. In order to establish the key control parameters and quantify their relative importance as inputs to a forecasting model, we considered a number of solar wind and magnetospheric parameters. The solar wind input was quantified with velocity v, convective electric field vB S (B S denotes the southward component of interplanetary magnetic field), and dynamic pressure P dyn measured by the ACE and WIND spacecraft. To describe the magnetospheric state we used geomagnetic indices SymH and AsyH obtained from Kyoto World Data Center. In order to reduce all the inputs to the common 1-day time scale of the output time series, their daily maxima and daily averages were used. In this paper the model is driven with daily maxima of the input parameters
since they gave the highest prediction efficiency.
[8] The deterministic part of the model is based on the delay embedding technique [e.g., Abarbanel et al., 1993] . This technique reconstructs the phase space of the main variables, which defines the evolution of the system, directly from the time series of its output and most relevant input parameters. In the case of a non-autonomous system, the reconstructed phase space is specified by the input-output delay vectors
where M is the total number of delays. To use all input and output parameters in the joint input-output phase space a common scale must be used. This is done by normalizing the time series of each input parameter by its standard deviations.
Reconstructed states x t have one-to-one correspondence with the states in the original phase space and therefore can be used to predict the future evolution of the system.
[9] The small-scale dynamics of electrons in the outer radiation belt have a multi-scale nature due to stochastic interactions with various wave fields. In a first principle approach averaging over these small scales yields a set of diffusion equations which govern the large-scale dynamics of the electron fluxes. In our data-derived approach the global dynamics of the system is obtained using an ensemble averaging in the reconstructed phase space. For this purpose the training set is searched for a fixed number NN of nearest neighbors, viz. the states that are closest to the current state as measured by the distance in the reconstructed space. After the nearest neighbors are located the output of the system at the next time step is estimated as the average of the outputs corresponding to the one step iterated nearest neighbors:
As shown previously [Ukhorskiy et al., 2002 [Ukhorskiy et al., , 2004 this form for dynamical modeling is preferable to other prediction techniques because it separates the regular dynamical constituent, stabilizes the prediction algorithm, and provides the basis for probabilistic estimates. Indeed, the multi-scale dynamical constituent, which was smoothed away due to the averaging, can be described in terms of conditional probabilities in the form of P(O t+1 |x t ). This representation is coupled to the dynamical model (equation (3)) since at a given state x t the corresponding probabilities are also defined by the set of its nearest neighbors:
Together with the dynamical model (equation (3)) the conditional probability function (equation (4)) provides the comprehensive data-derived model of the system. The dynamical model yields deterministic predictions of the global dynamics of the flux, while the conditional probability function describes the multi-scale constituent of the observed time series.
Results and Discussion
[10] The combined description given by the equations (3) and (4) is used for one-day predictions of maximum relativistic electron flux at geosynchronous orbit. The dynamical model (equation (3)) has two free parameters. The first parameter is the number of delays M. It defines the dimension of the reconstructed phase space and also quantifies the ''memory'' in the system, i.e., the length of the past time series required for the reconstruction of the current L09806
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state of the system. The second parameter is the number of nearest neighbors NN. It sets the degree of nonlinearity in the system. Low values of NN correspond to highly nonlinear systems, while NN values close to the total number of points in the data set correspond to linear systems.
[11] To determine the optimal parameters the one-day prediction model (equation (3)) was constructed for a wide range of M and NN. The model outputs were then compared to the observed values of the flux for the whole interval from 1995 to 2000 using prediction efficiency. It was found that the highest PE corresponds to M = 3 days and NN = 300. The time delay of 3 days is consistent with the fact that the cross-correlation between solar wind velocity and relativistic electron flux at geosynchronous orbit peaks at the time lag of 3 days [Baker et al., 1990; Vassiliadis et al., 2002] . The NN of 300 corresponds to about 14% of the data set. It gives an increase of 0.05 in PE as compared with the linear model.
[12] The model (equation (3)) proved to be an efficient tool for one-day deterministic predictions of the relativistic electron flux at geosynchronous orbit. The prediction efficiency and linear correlation coefficient (corr) calculated for all years of the data set are listed in Table 1 . The model yields average corr of 0.89 and average PE of 0.77. The highest PE of 0.87 was obtained for 1996 and the lowest PE of 0.66 was acquired for 2000. The strong decrease in prediction efficiency during 2000 was caused by a few extreme events such as the Bastille day event of 15-16 July 2000 (Dst = À400 nT), whose magnitude significantly exceeded all events in the data set and therefore could not be accurately predicted with the existing training set.
[13] The data-derived approach also allows discrimination between different solar wind and magnetospheric input parameters in terms of their relative importance to the overall predictability of the model (Table 2 ). It should be noted, that since the model considers the time series on a one-day scale and gives predictions only one day ahead, the important reference point for its predictability is given by a simple persistence, viz. O t+1 = O t . For the time series of log(J max e ) such persistence model yields average PE of 0.61. The autonomous model of the flux based on the autoregression of its time series gives a 0.06 increase in predictability (PE = 0.67). The solar wind velocity proved to be the most important input parameter, which is consistent with previous results [e.g., Baker et al., 1990] . Taking it as an input to the model gives another 0.05 increase in predictability (PE = 0.72). Including SymH as a second input increases average predictability by 0.03 (PE = 0.75), while including three more inputs of AsyH, vB S and P dyn gives only another 0.02 of increase (PE = 0.77).
[14] Even though the prediction efficiency of the deterministic approach (equation (3)) is high, one must remember that the predictions are given for the log of the flux. Indeed, the fact that the model predicts the log of the flux rather than the flux itself can sometimes result in large discrepancies between the observed and predicted values. In the worst case, during the Bastille day storm (15 July 2000) J e max exceeded 10 5 electrons/cm 2 Á sec Á sr. The model underestimated log(J e max ) only by 5%. However, in the absolute value it corresponds to 5 Á 10 3 electrons/cm 2 Á sec Á sr, which exceeds the magnitude of 90% of events in the six-year data set. Such occasional large errors are inherent in any model based on the log of the flux, and associated uncertainties in the predictions should be recognized.
[15] The remainder of the flux time series, which is not captured by the deterministic approach (equation (3)), is described in terms of conditional probabilities (equation (4)). The example of one-day prediction of the combined model given by the equations (3) and (4) together is shown in Figure 1 . The dynamical model yields deterministic predictions of the daily maxima of the flux, while the conditional probability function ranks the probability of the discrepancy between the observed and predicted values. The most relevant input parameters v and SymH are shown in top panels of the figure. The time series of log(J e ) are shown in black in the bottom panel and the one-day predictions of log(J e max ) are shown in red. The large daily variations of log(J e ) are caused by the satellite rotation around the Earth. The time series of predicted log(J e max ) has one-day time scale and provides an upper envelope for the observed variations of the flux. The conditional probabilities of log(J e max ) calculated Figure 1 . One-day predictions of relativistic electron intensity at geosynchronous orbit (M = 3, NN = 300) for a part of 1999. Inputs: the SymH index (top panel) and the solar wind velocity (upper middle panel). Outputs: the conditional probabilities P(O t+1 jx t ) (lower middle panel), predicted log(J e max ) (red, bottom panel), contours of probability P(d t+1 jx t ) (yellow shading, bottom panel) for the actual log(J e ) (black, bottom panel) to exceed the predicted log(J e max ) under the given solar wind and magnetospheric conditions.
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at each time step using equation (4) are shown in the third panel and these are used to calculate the probability P(d t+1 jx t ) of exceeding the value of the upper envelope predicted by equation (3), where d t = O t ÀÔ t for O t >Ô t and d t = 0 otherwise. We also calculate the fixed probability contours
0 P(djx t )dd = C, which are shown in different shades of yellow above the predicted value of log(J e max ) in the bottom panel. This way the model yields risks of deviations from deterministic predictions as a function of average solar wind and magnetosphere conditions.
[16] Figure 2 shows the results of the combined prediction model together with the observed daily maxima of relativistic flux at geosynchronous orbit for all the years 1996 and 2000. The observed values of log(J e max ) are shown in black while the predicted results are shown in red and corresponding probability contours are marked with different shades of yellow.
[17] A more conventional way of estimating the probability contours is based on the marginal probability density function P(d t ) calculated with all events in the training set. The resultant contours d c do not depend on any control parameters and therefore are fixed in time. The discrepancy between the two approaches can be quantified in terms of the standard deviation s c 2 =
, which also shows the variability of the conditional probability functions. The average s c calculated for 50 -100% contours for years 1995 -2000 is as high as 0.5. This means that the shape of conditional probability function strongly depends on the solar wind and magnetospheric conditions and that the probability contours derived from the marginal probability density function in most cases strongly underestimate or overestimate the risks in the system.
Conclusions
[18] Relativistic electron flux at geosynchronous orbit exhibits complex variability which is affected by solar wind conditions as well as by various processes in the inner magnetosphere. In this paper we present a new dataderived model for forecasting the electron flux intensity. Driven by multiple input parameters, it combines the conditional probability description with the dynamical approach of nonlinear time series analysis. The model was used to make one-day predictions of the electron flux daily maxima, which are usually observed around magnetic local noon. For years 1995 -2000 the deterministic part of the model yields high average prediction efficiency of 0.77 and a linear correlation coefficient of 0.89. To establish a better comparison with previous studies the calculations were repeated for the daily averaged values of the flux. The obtained prediction efficiency of 0.80 exceeds previous results by about 0.3. The comparison between different input parameters in terms of their effect on the overall predictability of the model identified solar wind velocity and SymH geomagnetic index as the most important inputs. The conditional probability function calculated in the reconstructed phase space yields probabilistic estimates of the deviations of the observed fluxes from their predicted values. Thus, for the first time, one can efficiently combine the deterministic predictions of relativistic electron fluxes with risk assessment analysis. 
